1.. Introduction {#s1}
================

Sufficient dimension reduction is an effective means of reducing covariate dimension in regression. Since the seminal work of [@ASV066C20], many sufficient dimension reduction methods have been developed to deal with independent and identically distributed data. See, for example, [@ASV066C10], [@ASV066C40], [@ASV066C25] and [@ASV066C19]. For comprehensive reviews, see [@ASV066C7], [@ASV066C11], [@ASV066C26] and references therein.

In this article we generalize sufficient dimension reduction to longitudinal data, which arise frequently in biometric, epidemiological, social and economic studies that typically involve repeated measurements collected from individuals over time. Consider a typical longitudinal dataset, where there are $\documentclass[12pt]{minimal}
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The amount of research on sufficient dimension reduction for longitudinal data is far from adequate. When $\documentclass[12pt]{minimal}
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}{}${\mathcal {S}}_{E(Y\mid X)}$\end{document}$ is one-dimensional, [@ASV066C2] proposed a quadratic inference function approach. [@ASV066C16] adapted the minimum average variance estimation of [@ASV066C40] to longitudinal data by assuming the covariates to be stochastic continuous functions. [@ASV066C23] generalized several existing sufficient dimension reduction methods to longitudinal data; they assumed that the covariates satisfy the linearity condition and ignored the covariance structure within each subject in estimation. [@ASV066C3] used quadratic inference functions on transformed response variables to perform dimension reduction for longitudinal data. Their approach incorporated the covariance structure; however, their focus was on estimation of the central subspace rather than inference for the central mean subspace.

In this article, we adapt the generalized estimating equations of [@ASV066C24] and the semiparametric approach of [@ASV066C25] to longitudinal data analysis. This approach has several advantages over existing sufficient dimension reduction methods. First, the estimating equation approach accounts for the covariance structure within each subject, which is generally unknown and has to be estimated from data. If the estimated covariance matrix is consistent, we gain efficiency in estimating $\documentclass[12pt]{minimal}
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2.. An estimating equation approach {#s2}
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In the context of independent and identically distributed data, [@ASV066C25] designed a semiparametric approach to estimating $\documentclass[12pt]{minimal}
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Our main interest is in estimation and inference for $\documentclass[12pt]{minimal}
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Third, to specify the covariance structure $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$ V_i$\end{document}$, we assume three working variance functions, depending on the nature of the response variable, and four working correlation functions. Although these working structures may not reflect the underlying true covariance structures, the resulting estimator $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\hat \beta _ V$\end{document}$ is always consistent. If these working structures happen to be correct, we will show that $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\hat \beta _ V$\end{document}$ is efficient. Even if $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$ V_i$\end{document}$ is incorrect, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\hat \beta _ V$\end{document}$ is consistent and the estimated $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$ V_i$\end{document}$, denoted by $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\hat V_i$\end{document}$, approximates the true covariance matrix. In addition, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\hat \beta _ V$\end{document}$ is consistent for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta $\end{document}$ whether or not $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\hat m'(\beta ^{\rm T } X_{ij})$\end{document}$ is consistent for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$m'(\beta ^{\rm T } X_{ij})$\end{document}$.
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3.. Estimation of structural dimension {#s3}
======================================
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Theorem 2 implies that the consistency of this Bayesian-type information criterion holds for a wide range of $\documentclass[12pt]{minimal}
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4.. Simulations {#s4}
===============
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The six methods that use estimating equations, corresponding to (iii)--(viii) above, yield estimators with small biases even when the covariance structure is misspecified. Indeed, we use methods (iii)--(vi) to demonstrate how the working covariance matrices affect estimation efficiency, as measured by the Monte Carlo standard deviation. The estimating equation approach achieves its best performance when the working covariance matrix is the true or the consistently estimated covariance structure, which agrees with Proposition 1. For example, when estimating $\documentclass[12pt]{minimal}
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We use the estimators (vii) and (viii) to demonstrate the double robustness property of the estimating equation approach. When either the centralization for $\documentclass[12pt]{minimal}
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The estimating equation approach also offers the possibility of making inferences about the free parameters of model ([1](#ASV066M1){ref-type="disp-formula"}), because we introduce a one-to-one parameterization of the central mean subspace. This makes our approach more appealing than the methods of [@ASV066C23], [@ASV066C16] and [@ASV066C3]. The estimated standard deviations are very close to the Monte Carlo standard deviations, and the empirical coverage probabilities are very close to 95% in most scenarios, indicating that inferences based on our approaches are fairly reliable.

Finally, we evaluate the accuracy of ([3](#ASV066M3){ref-type="disp-formula"}) in estimating the structural dimension of $\documentclass[12pt]{minimal}
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5.. An application {#s5}
==================

We demonstrate the usefulness of our approach through an analysis of the Framingham Heart Study data ([@ASV066C18]). This study included 373 subjects. For each subject, several clinical examinations were performed every two years over 14 years. The response variable was systolic blood pressure, and the four risk factors were body mass index, age of individual when the data were collected, serum cholesterol concentration, and haemoglobin concentration. In total, 1919 complete observations were included in our analysis. The aim is to understand how several risk factors affect hypertension. Because different within-subject correlation matrices yield similar conclusions, in what follows we report only the results obtained from assuming an unstructured working covariance matrix $\documentclass[12pt]{minimal}
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}{}$\cdot $\end{document}$16. Both age and serum cholesterol concentration are important risk factors for systolic blood pressure, but we failed to observe any strong association between haemoglobin concentration and hypertension. This confirms the findings of other studies ([@ASV066C36]; [@ASV066C37]). Hypertension is age-related and is typically associated with dyslipidemia, and there may be underlying factors that influence both blood pressure and serum cholesterol simultaneously ([@ASV066C36]).

6.. Discussion {#s6}
==============

We suggest estimating the correlation structure by the usual moment estimators ([@ASV066C24]). There are several alternative ways to improve the accuracy of estimating the within-subject covariance matrix, including quadratic inference functions ([@ASV066C33]), transformation of time scales ([@ASV066C30]) and Cholesky decomposition ([@ASV066C32]; [@ASV066C31]). [@ASV066C39] proposed a bias correlation approach to estimating an unstructured correlation matrix. These procedures can readily be used in our context.

For simplicity, we have assumed that the covariates are measured at the same time and there are no missing data. Covariance estimation with complete data is straightforward, as we described in §[2](#s2){ref-type="sec"}. When the data are subject to missingness, however, estimating the covariance matrix is nontrivial. When the data are multivariate normal and are missing at random or missing completely at random ([@ASV066C35]), estimation and inference can be accomplished by maximum likelihood facilitated by the [em]{.smallcaps} algorithm ([@ASV066C34]; [@ASV066C1]). For nonnormal data, [@ASV066C41] proposed several likelihood-based methods for covariance estimation when the data are missing completely at random. When the data are missing at random and $\documentclass[12pt]{minimal}
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}{}$X_{ij}$\end{document}$ is continuous over time, we may borrow information across different time-points to impute the missing values.

Supplementary material {#s7}
======================

[Supplementary material available at *Biometrika* online](http://biomet.oxfordjournals.org/lookup/suppl/doi:10.1093/biomet/asv066/-/DC1) contains technical proofs of the theorems and proposition as well as additional simulation results.

Wensheng Guo was supported by the U.S. National Institutes of Health. Liping Zhu was supported by the National Natural Science Foundation of China, the Henry Fok Education Foundation Fund of Young College Teachers, Programs for Innovative Research Team in University of China and the Key Laboratory of Mathematical Economics, Ministry of Education of China. Li Jin was supported by the National Science Foundation of China, the Ministry of Science and Technology and the 111 Project. The authors thank the editor, associate editor and two referees for constructive suggestions and comments which have led to significant improvements of the manuscript. We thank Annie Qu for kindly sharing with us the codes for the quadratic inference function method proposed in [@ASV066C3].
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    }{}${\rm s}\hat {\rm t}{\rm d}$\end{document}$, average of the estimated standard deviations; cvp, empirical coverage probability at 95% nominal level.

[^2]: MERC, maximal eigenvalue ratio criterion suggested by [@ASV066C3]; TRI, tridiagonal working covariance structure; AR(1), [ar]{.smallcaps}(1) working covariance structure; IND, independent working covariance structure; UN, unstructured working covariance structure.
